We consider a spinorial Yamabe-type problem on open manifolds of bounded geometry. The aim is to study the existence of solutions to the associated Euler-Lagrange-equation. We show that under suitable assumptions such a solution exists. As an application, we prove that existence of a solution implies the conformal Hijazi inequality for the underlying spin manifold.
Introduction
Let (M, g, σ) be an n-dimensional connected Riemannian spin manifold with corresponding classical Dirac operator D = D g . The spin structure σ is supposed to be fixed. The Dirac operator has a similar behaviour under conformal transformations as the conformal Laplacian, that is used to analyze the Yamabe invariant, see e.g. [13] . Thus, in the spirit of the Yamabe invariant, a conformal invariant of the Dirac operator, called λ + min was examined in [1, 2] . In [11] we generalized these considerations to open manifolds.
Many of the properties of the Yamabe invariants could be proven for λ + min as well, e.g. the value for the standard sphere is the highest possible one, cf. Theorem 6. But other questions are still open, e.g. whether there exists closed spin manifolds, not conformally diffeomorphic to the standard sphere (with the same dimension) but with the λ + min -invariant of this standard sphere. The methods that can be used are sometimes similar to the ones of the Yamabe invariant, but since we work with spinors there is e.g. no maximum principle.
Firstly, a definition of λ 
where p crit = 2n n−1 , [1, Lem. 2.7] . On closed manifolds, the existence of a solution of (1) On open manifolds, such Sobolev embeddings do not exist in general or if they exist, they aren't always compact.
The aim of this paper is to prove the existence of a solution under suitable assumptions. The idea is to adapt techniques we used in [10] to prove the existence of a solution of the Yamabe equation to the spinorial case. We will use weighted Sobolev spaces, where compactness holds for manifolds of bounded geometry, i.e. manifolds where the injectivity radius is positive and the curvature and its derivatives of all orders are bounded. The weighted Sobolev embeddings for the spaces of spinors can be found in Appendix A. Here, λ + min denotes an invariant of the manifold at infinity, see Def. 7.
Definition 3. We say that there is an L q -lower bound, if there exists a constant c q > 0 such that Remark 4. Note that although we call it a lower bound we allow L q -harmonic spinors.
We will prove Theorem 2 in Section 3 by considering corresponding weighted subcritical problems. There, the L q -lower bounds will ensure the positivity of λ q , see Lemma 11. Question. It would be nice to see whether having an L q -lower bound implies an L [q,q+ǫ] -lower bound. Or whether invertibility of the Dirac operator acting on L q and im L q D, respectively, is an open property in q? One knows e.g. that the L p -spectrum of the standard Laplacian is independent of p if the Ricci curvature is bounded from below and the volume has subexponential growth (cf. [16] or [6] ). Maybe one can hope for a similar result for the Dirac operator.
The assumption on the λ + min -invariant at infinity can be dropped when considering homogeneous manifolds of positive scalar curvature, see Theorem 16. As an application we show in Section 4 that existence of a solution of the EulerLagrange equation implies the conformal Hijazi inequality, an inequality that compares λ 
The outline of the paper is as follows: First we collect in Section 2 some properties of λ + min . In Section 3 we will prove the Theorem 2 introducing corresponding weighted subcritical problems. In the last section we show that the existence of a solution of the Euler-Lagrange equation of λ + min ensures that the conformal Hijazi inequality holds for the underlying manifold. The weighted Sobolev embeddings needed in Section 3 are explained in the Appendix.
Preliminaries on λ + min
We shortly collect known properties of λ + min : Theorem 6. [11, 9] Let Ω 1 ⊂ Ω 2 be open subsets of (M, g, σ) equipped with the induced metric and spin structure. Then,
where S n is the standard sphere with volume ω n .
We will further need the notion of the Yamabe invariant at infinity. With the help of this invariant one can ensure convergence of a minimizing sequence in the critical problem. Existence of the limit follows from Theorem 6. Moreover, the definition is independent of the choice of z and we have λ
The weighted subcritical problem
In this section, we will prove Theorem 2.
Strategy. The method itself is similar to the one we used for the Yamabe equation [10] but the proofs of the steps themselves have to be adapted to the λ + min -invariant involving the Dirac operator. The main idea is again to consider a weighted subcritical problem, see Definition 8. Firstly, in Lemma 13 we prove the existence of a solution to the weighted subcritical problem, see Def. 8 for α > 0 and q > q crit . Then, convergence is obtained in a two-step process: In Lemma 14, a solution of the weighted critical problem (α > 0, q = q crit ) is obtained. After that, we obtain in Lemma 15 a solution to the (unweighted) critical problem (α = 0, q = q crit ).
We fix a point z ∈ M . Let ρ ∈ C ∞ (M ) be a radial (w.r.t. z ∈ M ) and admissible weight, cf. Def. A.1, such that |ρ| ≤ 1, ρ(x) → 0 as r = dist(x, z) → ∞. We choose ρ ∼ e −r , see Rem. 23.ii.
Thus, for complete manifolds we can also take the infimum over all spinors
, we obtain a dual equation by setting ψ = ρ −αq |Dφ| q−2 Dφ:
iii) Instead of considering the above invariants, we could replace the denominator by the absolute value of the former expression, i.e. |(Dφ, φ)|, and allow all φ with (Dφ, φ) = 0. For the corresponding invariant everything below works as well. These invariants might be in general smaller than the corresponding λ α q .
Next, we show that under suitable assumptions we can ensure the positivity of λ s :
Lemma 11. Assume that the Sobolev embedding H 
where the first inequality is the Hölder inequality, the third one is given by the Sobolev embedding and the last one is obtained from the L q -lower bound and |ρ| ≤ 1. With Remark 9.i, we obtain λ α q > 0. With the additional assumptions and since C α,q depends continuously on q, we obtain analogously the second claim setting α = 0. We come now to the weighted subcritical problem.
Lemma 13. Let the weighted Sobolev embedding
n−1 and let q be conjugate to p. Furthermore, we assume that there is an L q -lower bound. Then there exists a spinor φ ∈ H q 1 with Dφ = λ α q ρ αp |φ| p−2 φ and ρ α φ p = 1. Moreover, φ is smooth outside its zero set.
Proof. From Lemma 11, we obtain that λ 
Hence, φ i → φ weakly in H q 1 and, with the compact Sobolev embedding, even strongly in
which already implies that ρ −α Dφ q = 1. Thus, φ fulfills the Euler-Lagrangeequation and due to Remark 9.ii we obtain a spinor ψ ∈ H q 1 with Dψ = λ α q ρ αp |ψ| p−2 ψ with ρ α ψ p = 1. Smoothness outside the zero set follows from local elliptic regularity theory. Now, we establish the first step of the convergence , we fix α and let p → p crit .
Proof. Note first that the parameters p and q are always coupled. Thus, if q → q crit , p → p crit . From Lemma 33, we know that each |φ p | has a maximum. Firstly, we show by contradiction that m p := max |φ p | is uniformly bounded. Thus, we assume m p → ∞. Let x p ∈ M be a point where |φ p | attains its maximum. Around each x p , we introduce geodesic normal coordinates on a ball of radius ǫ that is smaller than the injectivity radius inj(M ), compare [10, Lem. 11] . We define
The spinor ψ p is transported to a spinor on a ball on R n via the exponential map. For simplicity we just denote the resulting spinor by ψ p , too. The weight function in the new coordinates will be denoted by ρ p . Then, in the resulting rescaled geodesic coordinates the Euler-Lagrange-equation reads
where ψ p is defined on a ball in R n of radius ǫ δp and 
Moreover, |ψ| ≤ 1 with |ψ(0)| = 1. As in the Yamabe problem, we prove that ψ pcrit,gE ≤ 1: For p < p crit we have
where b p dvol gE denotes the transported volume element with b p → 1 as p → p crit , we used the Sobolev embedding on B ǫ (x p ) (its constant only depends on ǫ since M is of bounded geometry) and we used the L q -lower bound. Thus, with Fatous Lemma we obtain ψ ∈ L pcrit (g E ). Consider firstly the case that x p espape to infity as p → p crit . Then ρ p → 0 and, hence, D R n ψ = 0. Thus, we have an L pcrit -harmonic spinor on R n with |ψ(0)| = 1 which is a contradiction. Thus, we can stick to the case that
With Fatous Lemma we obtain ψ pcrit,gE ≤ max Bǫ 1 (y) ρ −α . Since ǫ 1 can be chosen arbitrarily small we have ψ pcrit,gE ≤ ρ −α (y). Thus,
which gives a contradiction. Thus, |φ α | is bounded from above. Using again interior Schauder and L p -estimates, we can then show that φ α is uniformly bounded in C 1,α on each bounded subset and, hence, converges in C 1 on every compact subset K ⊂ M to a spinor φ α . Thus, we have Dφ α ≤ λ α qcrit ρ αpcrit |φ α | pcrit−2 φ α and ρ α φ α pcrit ≤ 1. We still need to show that ρ α φ α pcrit = 1: Assume that φ α = 0. Fix R > 0 and let B R be the ball of radius R around the fixed z ∈ M (cf. Definition of ρ in Section 3) we obtain that
With
we then get
From Lemma 11 we know that lim sup q→qcrit λ q > 0. Thus, R = R(α) can be chosen big enough, that a > 0. But with
this contradicts the assumption that φ p goes to zero on compact subsets. Thus, φ α = 0 and we obtain with
in the usual way that ρ α φ α pcrit = 1 and
Lastly, we get rid of the weight as α → 0. 
where the first and last equality use Lemma 10.i. Since λ 
The equality implies φ pcrit = 1 and Dφ = λ + min |φ| pcrit−2 φ.
Combining the Lemmas above, we obtain:
Proof of Theorem 2. Firstly, we note that from λ Theorem 16. Let (M, g, σ) be a Riemannian spin manifold. Furthermore, we assume that its Dirac operator has an L [qcrit,qcrit+ǫ] -lower bound for an ǫ > 0, scal ≥ c > 0 and that there exists a relatively compact set U ⊂⊂ M such that for all x ∈ M there is an isometry f : M → M with f (x) ∈ U . Then there is a spinor φ ∈ H qcrit 1 ∩ L pcrit that is smooth outside its zero set and fulfills Dφ = λ + min |φ| pcrit−2 φ and φ pcrit = 1. Moreover, φ is locally in C 1,α .
Proof. Due to the isometries, M has bounded geometry. Thus, the Sobolev embeddings
, q conjugate to p and α > 0. Hence, we can apply Lemma 13 and obtain solutions φ α,p ∈ H
We choose α(p) such that λ α(p) q − λ q → 0 and α(p) → 0 as q → q crit . Due to Lemma 10.i this is always possible. In the following, we abbreviate α = α(p).
As in the proof of Lemma 14 we obtain that a subsequence of φ p := φ α(p),p converges to φ in C 1 -topology. Lemma 33 shows that every |φ p | has a maximum. Due to the isometries we can assume that max |φ p | = |φ p (x p )| where x p ∈ U . Then, we have
Taking the real part of the scalar product with φ p we obtain using df ·φ, φ ∈ iR:
Thus, with lim p→pcrit λ α q = lim p→pcrit λ q ≥ λ + min and λ
where x ∈ U is the limit of a convergent subsequence of x p . Hence, φ pcrit > 0 and, thus, as in Lemma 15 we have Dφ = λ + min |φ| pcrit−2 φ with φ pcrit = 1. Local C 1,α -regularity follows as in Theorem 2.
Example 17. Let M = S n × R for n ≥ 2 be equipped with the standard product structure and its unique spin structure. Then, M is homogenous and has positive scalar curvature. In order to apply Theorem 16 one has to show that M has an L [qcrit,qcrit+ǫ] -lower bound for a small ǫ > 0. Assume that M has an L q -harmonic spinor φ for q ∈ [q crit , q crit + ǫ] then due to the Sobolev embedding gives that φ is already an L 2 -harmonic spinor which cannot happen since M has positive scalar curvature. Thus, it remains to consider the essential L q -spectrum. It can be checked that the Dirac operator in this example is L q invertible for all q and, thus, a minimizing solution is obtained.
In the remark below we want to examine open manifold which are spin conformally compactifiable by codimension greater or equal two. We want to study how the solutions on the manifold and its compactification are related. 
Conformal Hijazi inequality
On closed manifolds, the Hijazi inequality gives an estimate for eigenvalues of the Dirac operator in terms of the lowest eigenvalue of the conformal Laplacian L = 4 n−1 n−2 ∆ + scal :
be a closed spin manifold of dimension n. Let further λ be an eigenvalue of the Dirac operator and µ the lowest eigenvalue of L. Then
The conformal Laplacian is highly related to the Yamabe invariant Q: For closed manifolds with Q ≥ 0 we have 
where λ + 1 (g) is the first positive eigenvalue of the Dirac operator w.r.t. the metric g. Thus, there is a conformal version of the Hijazi inequality on closed manifolds: λ
Note that only the left side of the inequality depends on the spin structure.
In [8] , we examined whether the Hijazi inequality on complete open manifolds holds when one replaces the eigenvalues by elements of the corresponding spectra. There we saw that for general open manifolds there is no hope for an Hijazi inequality, the standard hyperbolic space gives a counterexample [9, Rem. 4.2.
That is why we restricted in [8] to complete manifolds of finite volume in order to obtain an Hijazi inequality on those manifolds. But the conformal Hijazi inequality is e.g. also valid for the hyperbolic space since Q(H n ) = Q(S n ) and λ
n is conformally equivalent to a subset of the standard sphere. Thus, there is hope for the conformal Hijazi inequality to hold more generally.
Below we will show that if there is a solution of the Euler-Lagrange equation, the conformal version of the Hijazi inequality holds:
Theorem 20. Let (M, g, σ) be a complete n-dimensional Riemannian spin manifold with n ≥ 3. Moreover, assume that there exists a spinor φ ∈ H
, smooth outside its zero set, with p = 2n n−1 and q conjugate to p such that it is a weak solution of Dφ = λ|φ| p−2 φ and φ p = 1. Then,
Sobolev embeddings for complex-valued functions on R n and generalize them to C r -valued functions on R n . This generalization follows immediately since On open manifolds, in general there is a dependence on both the metric and the connection. We will concentrate on bundles of bounded geometry, i.e. the manifold itself is of bounded geometry and the curvature of E and all its derivatives are bounded as well.
In [15] , continuity and compactness for weighted Sobolev embeddings were studied for Sobolev spaces of real valued functions. We will need the same result for Sobolev spaces of bundles, especially the compactness of the embedding H q 1 (M, S) ֒→ ρL p (M, S) on spinors for q and p conjugate, ρ a radial weight (see A.1) and 2 ≤ p < p crit = 2n n−1 . In this Appendix, we want to use the result from Skrzypczak [15] to obtain the following theorem (or more generally a bundle version of Theorem 24):
Theorem 21. Let (M, g) be an n-dimensional manifold with an hermitian vector bundle E of bounded geometry (e.g. if M is a spin manifold, let E be the corresponding spinor bundle). Let ρ be a radial weight with ρ → 0 as |x| → ∞. Then the Sobolev embedding H Remark 23.
i) The equivalence relation a ∼ b means that there exists a constant c that is independent on the context dependent relevant parameters such that c −1 a ≤ b ≤ ca. ii) An example of a radial weight is given by w(x) = e αr with α ∈ R and r ∼ r = dist(x, x 0 ) is a smooth substitute for the distance function [14, 
and ii) The embeddings B 
Strategy of proof.
1. Define a wavelet frame {ψ i } on M .
Define weighted sequence spaces
is an homeomorphism. Thus, it is sufficient to prove continuity and compactness on the level of the sequence spaces, where corresponding results are known.
Theorem 24 also holds for a vector bundle E of bounded geometry. With some few adaptions which will be discussed in the following the proof can be simply overtaken.
For that we firstly consider trivial C r -bundles over R n , see Section A.2, where we trace back the (quasi-)norms of function spaces of vector-valued functions to the ones of scalar-valued functions. Next, we give the definition of a wavelet frame on spaces of manifolds of bounded geometry, see Sect. A.3. Then, we will see that the appearing weighted sequences spaces differ from the ones in the scalar-valued case just by a finite summation that does not affect the old proof.
ii) As in i) and due to the unconditional convergence, we get
Thus, the following properties carry over to vector-valued functions: we get an orthonormal basis in L 2 (R n , C r ) as ψ i,k = (0, . . . , 0, ψ i , 0, . . . , .., 0) for k = 1, . . . , r. Thus, we obtain a wavelet frame Ψ ik by requiring that for all f ∈ L 2 (E) it is f, Ψ ikα = ξ α * (κ α φ • exp xα ), ψ ik , where , denote the corresponding L 2 -products. Then,
.
Analogously, as in [15, Thm.1] we obtain an equivalent norm for the weighted Besov spaces in terms of the weighted L 2 -products f, Ψ ikα w(x α ) where x α is the center of U α . The only difference to the case of scalar-valued functions is always the finite summation over k which does not affect continuity and compactness. Thus, the proof of [15] simply carries over. Thus, Theorem 24 also holds the corresponding spaces on vector bundles of bounded geometry and Theorem 21 is then just a special case.
A.4 Spin manifolds of bounded geometry
In this section, we will just note some specialties about Sobolev spaces on spinors needed in this article. For that, let (M n , g, σ) be a Riemannian spin manifold. Choose E = S g the corresponding spinor bundle and let D = D g be the associated Dirac operator. (x) ) is continuously embedded in C 0,γ (B ǫ (x)). iii) (Schauder estimates) Analogoulsy we have a constant C(ǫ, δ) > 0 such that for α > 0, ψ ∈ C 0,α loc with Dφ = ψ it holds for all x ∈ M φ C 1,α (Bǫ(x)) ≤ C( φ C 0 (B ǫ+δ (x)) + ψ C 0,α (B ǫ+δ (x)) .
Corollary 32. The inner L p -estimates and the imbedding of Remark 31 hold globally on manifold of bounded geometry, i.e. i) There is a constant C > 0 such that for φ ∈ H q 2 and ψ ∈ L q with Dφ = ψ it holds
ii) Let n < q and 0 ≤ γ ≤ 1 − n q . There exists a constant C such that H q 1 is continuously embedded in C 0,γ .
Proof. The proof is done analogously as in [10, Cor. 21 ] by choosing a countable covering of M by geodesic balls B i all of radius ǫ < inj(M ). Moreover, the covering is chosen such that it is of (finite) multiplicity m, i.e. the maximal number of subsets with nonempty intersection is m, cf. [15, Sect. 2.1].
Lemma 33. Let φ ∈ H q 1 be a solution of Dφ = cρ αp |φ| p−2 φ with ρ α φ p = 1 for p < p crit . Then, lim sup |x|→∞ |φ(x)| = 0, in particular |φ| has a maximum.
The proof is done simultaneously to the corresponding result for the conformal Laplacian [10, Lem. 22] .
